Quantization of massive spinor fields around global monopoles by Piedra, Owen Pavel Fernández
Quantization of massive spinor fields around global monopoles
Owen Pavel Ferna´ndez Piedra1,2
1 Departamento de F´ısica, Divisio´n de Ciencias e Ingenier´ıas,
Universidad de Guanajuato, Campus Leo´n, Loma del Bosque N0. 103,
Col. Lomas del Campestre, CP 37150, Leo´n, Guanajuato, Me´xico.
2Grupo de Estudios Avanzados, Universidad de Cienfuegos,
Carretera a Rodas, Cuatro Caminos, s/n. Cienfuegos, Cuba.∗
(Dated: April 30, 2019)
Abstract
The renormalized quantum stress energy tensor
〈
T νµ
〉
ren
for a massive spinor field around global
monopoles is constructed within the framework of Schwinger-DeWitt approximation, valid when-
ever the Compton length of the quantum field is much less than the characteristic radius of the
curvature of the background geometry. The results obtained shows that the quantum massive
spinor field in the global monopole spacetime violates all the pointwise energy conditions.
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I. INTRODUCTION
In Quantum Field theory in curved spacetime the most important role is played by the
renormalized quantum stress energy tensor 〈T νµ 〉 of the quantum field, which not only gives
information on the energy, pressures and general features of the quantum field itelf, but used
as a source in the so called semiclassical Einstein’s equations allow to find te changes in the
background geometry caused by the quantization of matter fields [1–4]. Due to this fact, an
imminent need is to have analytical expressions of the renormalized stress tensor.
However, the problem of determine exactly 〈T νµ 〉 for a generic spacetime is a very difficult,
and we need to resort to approximations. There is a vast literature regarding this problem,
with works that range from analytical approaches to purely numerical calculations [5–15].
One of the most useful approaches, valid for massive fields, is the Schwinger-DeWitt
proper time approach, that allow to obtain analytical expressions for the renormalized one-
loop effective action for the quantum field, as an expansion in the square of the inverse mass
of it. From the effective action, the quantum stress energy tensor can be determined by
functional differentiation with respect to the metric. This approach can be used whenever
the Compton’s wavelenght of the field is less than the characteristic radius of curvature
[1, 7–15].
In previous paper [16] we study the quantization of a massive scalar field with arbitrary
coupling to the gravitational field of a point-like global monopole, using the Schwinger-
DeWitt technique. We obtained very simple analytical results for the components of the
quantum stress tensor, and use this results to show that the scalar field violates all the point-
wise energy conditions in this spacetime. Global monopoles are interesting heavy objects as
they appeared in the early universe as a result of a phase transition of a self-coupled scalar
field triplet whose original global O(3) symmetry is spontaneously broken to U(1), being
the scalar field the order parameter which is nonzero outside the monopole’s core, where the
main part of the monopole’s energy is concentrated [17]. In this paper we continue the inves-
tigation of vacuum polarization effects in the spacetime of a poitlike global monopole, using
the Schwinger-DeWitt approach to determine the renormalized stress tensor for a quantum
massive spinor field in this gravitational background.
Previous works concerning the quantization of fields around global monopole systems
includes the analysis of massless scalar fields [18–20], and the determination of the quantum
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stress energy tensor for a massless spinor field [21, 22].
The most simple model which gives rise to global monopoles was constructed by Barriola
and Vilenkin in [17]. The line element that describes the spacetime geometry around the
global monopole is given by
ds2 = − (1− 8piη2 − 2M/r) dt2 + (1− 8piη2 − 2M/r)−1 dr2 + r2(dθ2 + sin2 θdϕ2) , (1)
where M is the mass parameter and η is of order 1016Gev for a typical grand unified theory.
Neglecting the mass term we obtain the line element that describes the geometry around a
pointlike global monopole:
ds2 = −α2dt2 + dr2/α2 + r2(dθ2 + sin2 θdϕ2) , (2)
where we define the parameter α according to the expression α2 = 1− 8piη2.
If we re-scale in the above solution the time and radial variables using τ = αt and ρ = r
α
we arrive to the line element
ds2 = −dτ 2 + dρ2 + α2ρ2(dθ2 + sin2 θdϕ2) , (3)
which shows that, as the value of η in field theory predicts a value for α < 1, this spacetime
is characterized by a solid angle deficit, defined as the difference between the solid angle in
the flat spacetime 4pi and the solid angle in the global monopole spacetime 4piα2.
In the following consider a single massive neutral spinor field with mass µ in the grav-
itational background of a pointlike global monopole in four dimensions The action for the
system is:
S =
1
16pi
∫
d4x
√−g R + i
2
∫
d4x
√−gφ˜ [Γµ∇µφ+ µφ] (4)
where φ provides a spin representation of the vierbein group and φ˜ = φ∗Γ, where * indicates
the operation of transposition. Γ and Γµ are the curved space Dirac matrices with satisfy
the usual relations [Γµ,Γν ]+ = 2g
µν Î, being Î the 4×4 unit matrix. The covariant derivative
of any spinor χ obey the conmutation relations [23]:
[∇µ,∇ν ]χ = 1
2
F[α,β] R
αβ
µν (5)
[∇ν ,∇σ]∇µχ = 1
2
F[α,β] R
αβ
µσ∇µχ + R ρµ νσ ∇ρχ (6)
[∇σ,∇τ ]∇ν∇µχ = 1
2
F[α,β] R
αβ
στ∇ν∇µχ + R ρµ στ ∇ν∇ρχ + R ρν στ ∇ρ∇µχ (7)
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and so forth, where [ , ] is the commutator bracket, F[α,β] =
1
4
[Γα,Γβ] are the generators
of the vierbein group and Rαβµν = h
α
σ h
β
τ R
στ
µν , being h
α
β the vierbein which satisfies
hαµ h
α
ν = gµν . The covariant derivatives of Γ, Γ
µ and F[α,β] vanishes.
From the action (4) we obtain the equation of motion for the massive spinor field φ:
(Γµ∇µ +m)φ = 0 (8)
In the following, we apply the Schwinger-DeWitt technique to obtain the one-loop effec-
tive action for the massive spinor fields that obeys (8). The Schwinger-DeWitt technique is
directly applicable to ”minimal” second order differential operators ( acting on the super-
field φA) that have the general form:
Dˆ = 2− µ2 +Q (9)
where 2 = gµν∇µ∇ν is the covariant D’Alembert operator, ∇µ is the covariant derivative
defined by means of some background connection Cµ (x) as ∇µφA = ∂µφA + CABµφB, µ is
the mass field and QA(x) is an arbitrary matrix representing the potential.
We don’t need the explicit form of the background affine connection CABµ(x) that defines
the covariant derivative above, but it is only necessary to know the commutator of covariant
derivatives that defines curvature [∇α,∇β]φ = Rαβφ, with Rαβ = ∂αCβ − ∂βCα + [Cα,Cβ]
In the spinor field the curvature has the form Rαβ = γ
σγτRσταβ.
As is usual in Quantum Field Theory the effective action of the quantum field φ can be
given as a perturbation expansion in the number of loops W (Φ) = S (Φ) +
∑
k≥1 W
(k) (Φ)
where S (Φ) is the classical action of the free field. At one-loop we have:
W (1) = − i
2
ln
(
s det Dˆ
)
(10)
where s det Fˆ = exp(str ln Dˆ) is the functional Berezin superdeterminant of the operator Dˆ,
and strFˆ = (−1)iDii =
∫
d4x (−1)ADAA(x) is the functional supertrace [8].
Now using the Schwinger-DeWitt representation for the Green’s function of the operator
(9), we can obtain the renormalized one-loop effective action of the quantum field φ:
W (1)ren =
1
32pi2
∫
d4x
√−g
N∑
k=3
(k − 3)!
µ2(k−2)
[ak] (11)
The quantities [ak] = limx′→x ak(x, x′), are the coincident limits of the Hadamard-DeWitt
coefficients, whose complexity rapidly increases with k. The results for this coefficients
4
up to order k = 4 can be find, for example, in reference [8]. The first three coefficients
[a0], [a1], and [a2], contribute to the divergent part of the action and can be absorbed in the
classical gravitational action by renormalization of the bare gravitational and cosmological
constants.
As the differential operator Aˆ = γµ∇µ + m in (8) is not of the appropiate form (9), to
apply the Schwinger-DeWitt technique we introduces a new spinor variable ζ connected with
φ by the relation φ = Γσ∇σζ −mζ so that (8) take the form:
ΓµΓν∇µ∇νζ −m2ζ = 0 (12)
Now using the properties of Dirac matrices and the form of the spinor curvature Rαβ we can
establish the identity ΓµΓν∇µ∇ν = Iˆ
(
2− 1
4
R
)
so that equation (8) takes the desired form:(
2− 1
4
R− µ2
)
ζ = 0 (13)
with the potential matrix given by Q = −1
4
RIˆ.
Using the above relations, integration by parts and the elementary properties of the
Riemann tensor, we can show that the one-loop effective action can be written, in the basis
proposed in the paper [15], as
W (1)ren =
1
192pi2µ2
∫
d4x
√−g
[
− 3
280
R2R +
1
28
Rαβ2R
αβ +
1
864
R3 − 1
180
RRαβR
αβ
− 25
756
RαβR
α
γR
βγ +
47
1260
RαβRγδR
αγβδ − 7
1440
RαβR
α
γδR
βγδ
+
19
1260
RRαβγδR
αβγδ +
29
7560
RαβγδR
αβσρRγδσρ −
1
108
RαγβδR
α β
σ ρR
γσδρ
]
. (14)
The renormalized quantum stress energy tensor for the massive spinor field in a generic
spacetime background can be determined from (14) by functional differentiation with respect
to the metric tensor:
〈 Tµν 〉ren = 2√−g
δW
(1)
ren
δgµν
=
1
96pi2µ2
[
1
70
(2R);µν +
1
40
R2Rµν +
23
840
R;α(µR
α
ν) −
1
28
22Rµν
− 1
120
RR;µν +
1
120
(2R)Rµν +
29
420
Rα(µ2R
α
ν) −
19
420
RαβRαβ;(µν) +
61
420
RαβRα(µ;ν)β
− 11
105
RαβRµν;αβ − 1
105
R;αβRαµβν − 17
210
(2Rαβ)Rαµβν +
13
105
Rαβ;γ(µR|γβα|ν)
+
16
105
R
α ;βγ
(µ R|αβγ|ν) +
1
210
RαβγδRαβγδ;(µν) +
19
840
R;αR
α
(µ;ν) −
1
420
R;αR
;α
µν
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− 1
60
Rαβ;(µRν)α;β −
1
140
Rαµ;βR
;β
αν +
3
35
Rαµ;βR
β
ν;α −
1
21
Rαβ;γRγβα(µ;ν)
− 11
105
Rαβ;γRαµβν;γ +
1
420
Rαβγδ;µRαβγδ;ν −
4
105
Rαβγµ;δR
;δ
αβγν −
1
288
R2Rµν
− 7
360
RRαµR
α
ν +
1
180
RαβRαβRµν − 1
252
RαβRαµRβν +
13
1260
RαγRβrRαµβν
+
97
1260
RαβRγ(µR|γβα|ν) +
11
360
RRαβγµRαβγν +
7
1440
RµνR
αβγδRαβγδ
− 73
1260
Rα(µR
βγδ
|α|R|βγδ|ν) +
19
504
RαβRγδpµRγδβν +
73
1260
RαβR
αγβδRγµδν
− 97
1260
RαβR
αγδ
µR
β
γδν +
73
2520
RαβγδRαβσµR
σ
γδ ν
+
239
1260
RαγβδRσαβµRσγδν −
73
2520
RαβγδRαβγσR
δ σ
µ ν +
7
720
RRαβRαµβν
+gµν
[
1
280
22R− 1
240
R2R +
1
420
R;αβR
αβ +
1
105
Rαβ2R
αβ +
3
70
Rαβ;γδR
αγβδ
− 1
672
R;αR
;α +
3
280
Rαβ;γR
αβ;γ − 1
280
Rαβ;γR
αγ;β +
1
168
Rαβγδ;σR
αβγδ;σ +
1
1728
R3
− 1
360
RRαβR
αβ − 1
945
RαβR
α
rR
βγ +
1
315
RαβRγδR
αγβδ − 7
2880
RRαβγδR
αβγδ
+
7
360
RαβR
α
γδσR
βγδσ − 61
15120
RαβγδR
αβσρRγδσρ −
43
1512
RαγβδR
α β
σ ρR
γσδρ
]]
. (15)
The above result is a rather complex expression for the renormalized stress energy tensor
for a spinor field in the Schwinger-DeWitt approximation This is valid for any spacetime
[24]. The information of the massive spinor field is included in the coefficients accompanying
each local geometric term constructed from the Riemmann tensor, its covariant derivatives
and contractions.
Using (2) in (15) we obtain, for the components of the renormalized stress energy tensor
for the massive spinor field in the pointlike monopole spacetime the very simple result
〈
T tt
〉
ren
=
(1− α2) (31α4 + 31α2 + 10)
40320pi2µ2r6
(16)
〈T rr 〉ren =
〈
T tt
〉
ren
(17)
and 〈
T θθ
〉
ren
=
〈
Tϕϕ
〉
ren
= −2 〈T tt 〉ren = (α2 − 1) (31α4 + 31α2 + 10)20160pi2µ2r6 (18)
In Figure (1) we show the dependance on the distance from monopole’s core r of the
re-scaled components of the renormalized stress energy tensor 〈T0〉 = 96pi2µ2 〈T tt 〉ren, 〈T1〉 =
96pi2µ2 〈T rr 〉ren and 〈T2〉 = 96pi2µ2
〈
T θθ
〉
ren
= 96pi2µ2
〈
Tϕϕ
〉
ren
, for a massive spinor field in
the pointlike global monopole spacetime.
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Figure 1. Dependance on the distance from monopole’s core r of the re-scaled components of the
renormalized stress energy tensor 〈T0〉 = 96pi2µ2
〈
T tt
〉
ren
(top), 〈T1〉 = 96pi2µ2 〈T rr 〉ren (middle) and
〈T2〉 = 96pi2µ2
〈
T θθ
〉
ren
= 96pi2µ2 〈Tϕϕ 〉ren (bottom), for a massive spinor field in the pointlike global
monopole spacetime. The values of the parameter used in the calculations is 1− α2 = 10−5 .
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As we can observe, the re-scaled time component 〈T0〉 decreases with the increase of the
distance from monopole’s center, reaching its minimum value equal to zero as r →∞. The
same behaviour shows 〈T1〉, due to (17). Thus, for all values of the distance r, the time and
radial components of the renormalized stress energy tensor for the massive spinor field in
the pointlike global monopole background are positive.
On the contrary, the re-scaled angular components 〈T2〉, increases with negative values
as r increases, until it reach its maximum value equal to zero at large distances.
Defining the energy density and pressures of the quantum field as ρ = −〈T tt 〉ren, pr =
−〈T rr 〉ren and pθ = pφ = p =
〈
T θθ
〉
ren
=
〈
Tϕϕ
〉
ren
, we can use the above results to investigate
the fulfillment or not of the pointwise energy conditions for the massive spinor field in the
pointlike global monopole background.
The energy conditions are constraints that the components of the stress energy tensor of
matter fields do satisfy , and are important in the context of various theorems concerned
with positivity of mass, singularities and topological censorship.
There are four pointwise energy conditions [25, 26]. In terms of the energy density and
principal pressures of the quantum field, the Null energy condition (NEC) is satisfied when
ρ − pr ≥ 0 and ρ + p ≥ 0. The Weak energy condition is equivalent to the NEC with the
constraint ρ ≥ 0 added. The Strong energy condition (SEC) is equivalent to NEC with the
constraint ρ − pr + 2p ≥ 0, and finally the dominant energy condition (DEC) is equivalent
to the restrictions ρ ≥ 0 and −ρ ≤ pi ≤ ρ.
In terms of the re-scaled energy density and pressures of the quantum massive spinor
field % = 96pi2µ2ρ and pi = 96pi
2µ2pi, the results obtained for the renormalized stress energy
tensor indicates that, for all values of the distance from monopole’s core, we have % ≤ 0,
pr ≤ 0, %−pr = 0, %+ p < 0 and %−pr + 2p < 0. Then, all the pointwise energy conditions
are violated by the quantum massive spinor field in the pointlike global monopole spacetime.
The results obtained in this paper can be used to investigate the backreaction of the
quantum massive spinor field upon the spacetime around the pointlike global monopole.
For this purpose, we can solve perturbatively the semiclassical Einstein’s field equations,
using the expressions for the quantum stress tensor reported here as a source. Our results
on the implementation of this program will be considered in a future report.
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